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Introduction: 

As a student who has been preparing for mathematical olympiads since 6th grade, I can say that 

number theory has always been my favorite branch of mathematics. In one of my olympiad 

classes, I came across this problem: “What is (
2020
1071

) congruent to in modulo 13?” This 

question has led me into investigating the association between the prime numbers and binomial 

coefficients and I decided to write my IA on this topic. I worked on generalized binomial 

coefficients to first find out if they could be divided by a prime, and second if they couldn’t be 

divided by that prime, what would their remainder be? 

For this aim, I searched up many mathematicians’ theorems and got fascinated by the variety 

of mathematical work. However, I decided to use the generalized ones which I thought would 

lead me to the intended solutions. In my IA I used and proved Legendre’s theorem (1808), 

Kummer’s theorem (1852) and Lucas’ theorem (1878). Writing the proofs, I tried to point out 

the motivations leading to these proofs. 

For my investigation, I got help of the rules of binomial distribution which is commonly used 

in mathematics. The other main topic I used was modular arithmetic as well as number bases 

and prime numbers. Although some of these topics were not included in my HL Analysis and 

Approaches Mathematics curriculum, I was quite familiar with them from my math olympiad 

classes.  
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Foreknowledge: 

Before starting my investigation, I wanted to give the definitions of some mathematical 

concepts that the IB curriculum didn’t include. 

Modular arithmetic, is a system in mathematics that works with remainders in a division 

(Modular Arithmetic | Britannica). In modular arithmetic, if 𝑥 − 𝑦 can be divided by a 𝑚 ∈ ℕ, 

the real numbers 𝑥 and 𝑦 are “congruent” in modulo 𝑚. We can denote this as 𝑥 ≡ 𝑦 (𝑚𝑜𝑑 𝑚). 

This would also mean that 𝑥 and 𝑦 should give the same remainder when divided by 𝑚 

(Özdemir, Matematik Olimpiyatlarına Hazırlık 3 147). So, this notation and modular arithmetic 

in general is useful for working with remainders.  

Number bases, allow us to represent values using different notations. For example, the most 

common number base is “base 10” which we use all day and it can contain the numbers 

0,1,2, … ,9 as digits to denote values. If we take a number with 𝑘 ∈ ℤ+ digits where 

𝑎0, 𝑎1, … , 𝑎𝑘−1 are from the set {0,1,2, … ,9} , its value would be: 

(𝑎𝑘−1𝑎𝑘−2 … 𝑎0) = 𝑎0 × 100 + 𝑎1 × 101 + ⋯ + 𝑎𝑘−1 × 10𝑘−1 

However, there are other number bases too, for example in base 5, all numbers are written using 

the digits 0,1,2,3,4. In general, we can denote a number (with 𝑘 ∈ ℕ digits) written in base 

𝑡 ∈ ‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍ℤ+  as (𝑎𝑘−1𝑎𝑘−2 … 𝑎0)𝑡. (𝑎𝑖 ∈ ℤ for ∀ⅈ ∈ {0,1,2, … , 𝑘 − 1})  

Rule 1: All values in all bases can be converted to each other, so each number in base 10 can 

be written in any base 𝑡 and the reverse is also true (Virnuls; Özdemir, Matematik 

Olimpiyatlarına Hazirlik 1): 

(𝑎𝑘−1𝑎𝑘−2 … 𝑎0)𝑡 = 𝑎𝑘−1𝑡𝑘−1 + 𝑎𝑘−2𝑡𝑘−2 + ⋯ + 𝑎0𝑡0 
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Body of Investigation: 

Binomial coefficients refer to a mathematical expression consisting of factorials. So, when 

investigating their behavior modulo a prime, it is effective to use these factorials’ behavior. My 

first strategy for analyzing (2020
1071

) =
2020!

1071! × 949!
  modulo 13 was to see if 13 actually divided 

this number.  

In order to generalize the problem, let’s take a binomial coefficient. It is evident that all 

binomial coefficients can be written in the form of (𝑛+𝑚
𝑛

) where 𝑛 and 𝑚 are non-negative 

integers (and both not being equal to 0 at the same time). We investigate this modulo a prime, 

𝑝. 

(
𝑛 + 𝑚

𝑛
) =

(𝑛 + 𝑚)!

𝑛! × 𝑚!
 

In a fraction, if denominator is relatively prime with a prime number 𝑝 and conversely 𝑝 divides 

the numerator; the prime also divides the fraction itself. This would make the problem really 

simple; however, many binomial coefficients do not fit to this case. So, the number of the factor 

𝑝 in both the denominator and the numerator should be calculated independently and the 

fraction should be simplified accordingly. 

For the sake of a cleaner notation, let’s define 𝑣𝑝(𝑥) (where 𝑝 is a prime and 𝑥 is a positive 

integer) as the highest power of 𝑝 which divides 𝑥. For example, 𝑣2(20) = 𝑣2(22 × 5) = 2 

and 𝑣5(250) = 𝑣5(2 × 53) = 3. As mentioned earlier, the 𝑣𝑝(𝑑𝑒𝑛𝑜𝑚ⅈ𝑛𝑎𝑡𝑜𝑟) and 

𝑣𝑝(𝑛𝑜𝑚ⅈ𝑛𝑎𝑡𝑜𝑟) should be observed to see if 𝑝|(𝑛+𝑚
𝑛

). It is clear that there are 𝐴1, 𝐴2, 𝐴3 

integers such that  𝑝 ∤ 𝐴1, 𝐴2, 𝐴3, which satisfy these equations: 

(𝑛 + 𝑚)! = 𝑝𝑣𝑝((𝑛+𝑚)!) × 𝐴1 

𝑛! =  𝑝𝑣𝑝(𝑛!) × 𝐴2 
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𝑚! =  𝑝𝑣𝑝(𝑚!) × 𝐴3 

Then we get: 

(
𝑛 + 𝑚

𝑛
) =

(𝑛 + 𝑚)!

𝑛! × 𝑚!
=

𝑝𝑣𝑝((𝑛+𝑚)!) × 𝐴1

𝑝𝑣𝑝(𝑛!) × 𝐴2 × 𝑝𝑣𝑝(𝑚!) × 𝐴3

= 𝑝𝑣𝑝((𝑛+𝑚)!)−𝑣𝑝(𝑛!)−𝑣𝑝(𝑚!) 
𝐴1

𝐴2 × 𝐴3
 

𝐴1

𝐴2×𝐴3
 must be an integer since (𝑛+𝑚

𝑛
) is an integer. 

Moreover since (
𝐴1

𝐴2×𝐴3
, 𝑝) = 1; 

 
𝑣𝑝 ((

𝑛 + 𝑚
𝑛

)) = 𝑣𝑝((𝑛 + 𝑚)!) − 𝑣𝑝(𝑛!) − 𝑣𝑝(𝑚!) ≥ 1 ⇔ 𝑝| (
𝑛 + 𝑚

𝑛
) 

(1) 

This gives the mathematical relationship between the number of 𝑝 factors in the binomial 

coefficient, and the number of 𝑝 factors in each individual factorial. Now we aim to find the 

number of 𝑝 factors in a factorial. 

For some simplicity, I initiated my investigation using my original binomial coefficient (2020
1071

). 

Let’s start with 2020! = 2020 × 2019 × … × 2 × 1. At this point we will observe each factor 

in this factorial (the numbers from 1 to 2020) to count 𝑣13(2020!). It is evident that the numbers 

13, 26, 39 … , 2015 will provide a factor of 13 each; hence, there is at least 2015 13⁄ = 155 

factors of 13 in the factorial. However, then we can realize that multiples of 132 = 169 in this 

factorial, will include one more factor of 13 each. So, we have to count the numbers 

169, 338, … 1859 again, which will lead to 1859 ∕ 169 =  11 additional factors. If we do the 

same logical process, we see that we should count multiples of 133 in this factorial; 2197 is 

the only number which satisfies these conditions. Since 134 > 2020, we can conclude with 

that every factor of 13 has been counted: 

2015

13
+

1859

132
+

2197

133
= 155 + 11 + 1 = 167 = 𝑣13(2020!) 
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Although this is a logical and valid process to find the intended value, we have to generalize 

these calculations to come up with a formula. We should find a way to count the multiples of 

13, 132 and 133. “Floor function” which is gives the outcome of the “greatest integer that is 

less than or equal at the input” seems to be helpful here. For example, we can use  

2015

13
= ⌊

2020

13
⌋ = 155. Using this function, will help us more for in the process of generalizing 

these calculations for any 𝑛! (𝑛 ∈ ℤ+). 

At this point, it is obvious that we can state the intended value as an infinite sum of floor 

functions: 

 𝑣𝑝(𝑛!) = ⌊
𝑛

𝑝
⌋ + ⌊

𝑛

𝑝2
⌋ + ⌊

𝑛

𝑝3
⌋ + ⋯ 

(2) 

Let’s try to write this formula in a more simplified way, for this aim we can use number base 

rules that I mentioned in the foreknowledge part. Because of Rule 1, we can write 𝑛 in base 𝑝, 

let that be (𝑎0𝑎1𝑎2 … 𝑎𝑘)𝑝. 

𝑛 = 𝑎0𝑝𝑘 + 𝑎1𝑝𝑘−1 + ⋯ + 𝑎𝑘−1𝑝 + 𝑎𝑘  

(𝑎𝑖 are nonnegative integers for ∀ⅈ ∈ {0,1,2, … , 𝑘} and 0 ≤ 𝑎𝑖 ≤ 𝑝 − 1) 

(3) 

Let’s substitute (3) in (2): 

𝑣𝑝(𝑛!) = ⌊
𝑛

𝑝
⌋ + ⌊

𝑛

𝑝2
⌋ + ⋯ + ⌊

𝑛

𝑝𝑘
⌋ 

= (𝑎0𝑝𝑘−1 + 𝑎1𝑝𝑘−2 + ⋯ + 𝑎𝑘−1) + (𝑎0𝑝𝑘−2 + 𝑎1𝑝𝑘−3 + ⋯ + 𝑎𝑘−2) + ⋯ + (𝑎0) 

= 𝑎0(𝑝𝑘−1 + 𝑝𝑘−2 + ⋯ + 1) + 𝑎1(𝑝𝑘−2 + 𝑝𝑘−3 + ⋯ + 1) + ⋯ + 𝑎𝑘−2(𝑝 + 1) + 𝑎𝑘−1 

= 𝑎0 ⋅
𝑝𝑘 − 1

𝑝 − 1
+ 𝑎1 ⋅

𝑝𝑘−1 − 1

𝑝 − 1
+ ⋯ + 𝑎𝑘−1 ⋅

𝑝 − 1

𝑝 − 1
 

=
(𝑎0𝑝𝑘 + 𝑎1𝑝𝑘−1 + ⋯ 𝑎𝑘) − (𝑎0+𝑎1 + ⋯ + 𝑎𝑘)

𝑝 − 1
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     =
𝑛−(𝑎0+𝑎1+⋯+𝑎𝑘)

𝑝−1
 (McCleary 65−67)  (4) 

This is known as Legendre’s Theorem. Adrien-Marie Legendre (1752-1833) writes this in 

his book called “Essai sur la theorie des nombres” in 1808 (Miheţ). 

Note that the k + 1 digit number (𝑎0𝑎1𝑎2 … 𝑎𝑘) equals to 𝑛 in base 𝑝. So, we proved that 

the highest power of a prime 𝑝 which divides an integer 𝑛 is related to the sum of the digits 

of 𝑛 in base 𝑝.  

For the sake of a clearer notation, let’s denote the sum of the digits of an integer 𝑥 as 𝑆(𝑥) 

function. Now the equation becomes: 

𝑣𝑝(𝑛!) =
𝑛 − (𝑎0+𝑎1 + ⋯ + 𝑎𝑘)

𝑝 − 1
=

𝑛 − 𝑆((𝑛)𝑝)

𝑝 − 1
 

However, this only investigates the 𝑝-adic valuation of a factorial and yet my main aim was 

about the binomial coefficients. Equation (1) tells us the relationship between the 𝑝-adic 

valuation of the factorials and the binomial coefficients, so we will just plug this in equation 

(1). 

Let us denote the integers 𝑛, 𝑚, 𝑛 + 𝑚 in base 𝑝. Assume that 𝑛 has 𝛼1 + 1 digits, 𝑚 has 

𝛼2 + 1 digits and 𝑚 + 𝑛 has 𝛼3 + 1 digits in base 𝑝. In other words (where 0 ≤

𝑎0, 𝑎1, … 𝑎𝛼1
, 𝑏0, 𝑏1, … 𝑏𝛼2

, 𝑐0, 𝑐1 … 𝑐𝛼3
≤ 𝑝 − 1): 

𝑛 = (𝑎0𝑎1 … 𝑎𝛼1
)𝑝 

𝑚 = (𝑏0𝑏1 … 𝑏𝛼2
)𝑝 

𝑛 + 𝑚 = (𝑐0𝑐1 … 𝑐𝛼3
)𝑝 

The first time I wrote this proof, I decided to take different variables as 𝛼1, 𝛼2, 𝛼3. After 

examining other proofs, I saw that taking 𝛼1 = 𝛼2 = 𝛼3 = 𝛼 = max{𝛼1, 𝛼2, 𝛼3} is more 
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convenient for the next calculations. It is clear why we are able to do this. We can take the 

𝑎𝑖, 𝑏𝑖 or 𝑐𝑖 values (ⅈ ∈ {1,2, … , 𝛼}) 0 for sufficient amount. In other words, since 

(𝑎0𝑎1 … 𝑎𝛼1
)𝑝, (𝑏0𝑏1 … 𝑏𝛼2

)𝑝, (𝑐0𝑐1 … 𝑐𝛼3
)𝑝 each are integers with (possibly) different 

number of digits, we can add 0 for as many times we want to the left hand side of the 

numbers, to make the number of digits (and hence 𝛼1, 𝛼2, 𝛼3) equal. 

If we convert these numbers in base 𝑝 to base 10, we obtain: 

𝑛 = 𝑎0𝑝𝛼 + 𝑎1𝑝𝛼−1 + ⋯ + 𝑎𝛼−1𝑝 + 𝑎𝛼 

𝑚 = 𝑏0𝑝𝛼 + 𝑏1𝑝𝛼−1 + ⋯ + 𝑏𝛼−1𝑝 + 𝑏𝛼 

𝑛 + 𝑚 = 𝑐0𝑝𝛼 + 𝑐1𝑝𝛼−1 + ⋯ + 𝑐𝛼−1𝑝 + 𝑐𝛼 

Using Legendre, we can say: 

𝑣𝑝(𝑛!) =
𝑛 − 𝑆((𝑛)𝑝)

𝑝 − 1
 

𝑣𝑝(𝑚!) =
𝑚 − 𝑆((𝑚)𝑝)

𝑝 − 1
 

𝑣𝑝((𝑛 + 𝑚)!) =
(𝑚 + 𝑛) − 𝑆((𝑛 + 𝑚)𝑝)

𝑝 − 1
 

Substituting these in the LHS of the equality (1), we obtain: 

𝑣𝑝 ((
𝑛 + 𝑚

𝑛
)) = 𝑣𝑝((𝑛 + 𝑚)!) − 𝑣𝑝(𝑛!) − 𝑣𝑝(𝑚!) 

=
(𝑚 + 𝑛) − 𝑆((𝑛 + 𝑚)𝑝)

𝑝 − 1
−

𝑛 − 𝑆((𝑛)𝑝)

𝑝 − 1
−

𝑚 − 𝑆((𝑚)𝑝)

𝑝 − 1
 

=
𝑆((𝑎0𝑎1𝑎2 … 𝑎𝛼)𝑝) + 𝑆((𝑏0𝑏1𝑏2 … 𝑏𝛼)𝑝) − 𝑆((𝑐0𝑐1𝑐2 … 𝑐𝛼)𝑝)

𝑝 − 1
 

(5) 
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The fact that the sums, (𝑎0+𝑎1 + ⋯ + 𝑎𝛼), (𝑏0+𝑏1 + ⋯ + 𝑎𝛼), (𝑐0+𝑐1 + ⋯ + 𝑐𝛼), are the 

sums of digits of the integers 𝑛, 𝑚, 𝑛 + 𝑚 in base 𝑝 leads us to define this equation using base 

arithmetic. 

It is clear: 

(𝑐0𝑐1𝑐2 … 𝑐𝛼)𝑝 = 𝑛 + 𝑚 = (𝑎0𝑎1𝑎2 … 𝑎𝛼)𝑝 + (𝑏0𝑏1𝑏2 … 𝑏𝛼)𝑝 

This leads to a summation in base 𝑝. But how can we relate this to these numbers’ sums of 

digits? 

We start by realizing that if there is no “carries” in this sum in base 𝑝, (𝑎0+𝑎1 + ⋯ + 𝑎𝛼) +

(𝑏0+𝑏1 + ⋯ + 𝑎𝛼) −  (𝑐0+𝑐1 + ⋯ + 𝑐𝛼) = 0.  In this case from (5), 𝑣𝑝 ((
𝑛 + 𝑚

𝑛
)) also equals 

to zero. This means that we could potentially simplify equation (5), by observing the “carries” 

in the sum (𝑎0𝑎1𝑎2 … 𝑎𝛼)𝑝 + (𝑏0𝑏1𝑏2 … 𝑏𝛼)𝑝. 

In order to find out about the nature of the carries and the sum of the digits, I decided to start 

with base 10, independent from my exploration, since it refers to the decimal system that we 

use every day. (Although acknowledging that 10 is not a prime and we wouldn’t be able to plug 

it in equation (5).) For example, let’s take the sum of 365 + 326 = 691. In this case there is 

only one carry and −(6 + 9 + 1) + (3 + 6 + 5) + (3 + 2 + 6) = 9.  Taking another example, 

in the sum 7456 + 1395 = 8851 there are two carries and −(8 + 8 + 5 + 1) +

(7 + 4 + 5 + 6) + (1 + 3 + 9 + 5) = 18. Carrying on like this, we can guess that 𝑆((𝑛)10) +

𝑆((𝑚)10) − 𝑆((𝑛 + 𝑚)10) = (10 − 1) × (𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑎𝑟𝑟ⅈ𝑒𝑠 ⅈ𝑛 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑛 +

𝑚). This gives a good understanding for the calculations we are to do, but it is not a proof and 

we need that which proves for all bases. 

Let’s organize (5) so that we can work with the digits of the 𝑛 and 𝑚 at the same place values: 



10 
 

𝑣𝑝 ((
𝑛 + 𝑚

𝑛
)) =

(𝑎0 + 𝑏0) + (𝑎1 + 𝑏1) + ⋯ + (𝑎𝛼 + 𝑏𝛼) − (𝑐0+𝑐1 + ⋯ + 𝑐𝛼)

𝑝 − 1
 

Let us imagine that we sum the numbers (𝑎0𝑎1𝑎2 … 𝑎𝛼)𝑝 and (𝑏0𝑏1𝑏2 … 𝑏𝛼)𝑝 like this: 

   

Let’s define 𝜆𝑖 (ⅈ ∈ {0, 1,2, … 𝛼}) 

 𝜆𝑖 = {
0, ⅈ𝑓 𝑡ℎ𝑒𝑟𝑒 ⅈ𝑠 𝑛𝑜 𝑐𝑎𝑟𝑟ⅈ𝑒𝑠 𝑤ℎⅈ𝑙𝑒 𝑎𝑑𝑑ⅈ𝑛𝑔 𝑢𝑝 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑖 𝑎𝑛𝑑 𝑏𝑖 ⅈ𝑛 𝑏𝑎𝑠𝑒 𝑝 

1, ⅈ𝑓 𝑡ℎ𝑒𝑟𝑒 ⅈ𝑠 𝑎 𝑐𝑎𝑟𝑟𝑦 𝑤ℎⅈ𝑙𝑒 𝑎𝑑𝑑ⅈ𝑛𝑔 𝑢𝑝 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑖 𝑎𝑛𝑑 𝑏𝑖 ⅈ𝑛 𝑏𝑎𝑠𝑒 𝑝 
 

It is obvious that for j ∈ {1,2, … 𝛼 − 1}  

𝑎𝑗 + 𝑏𝑗 + 𝜆𝑗+1 = 𝑝𝜆𝑗 + 𝑐𝑗 because 𝜆𝑖+1 refers to the carry that is carried to this place from the 

previous column of the sum and 𝜆𝑖 refers to the carry that is going to be carried to the next 

column. 

We also know that 𝑎𝛼 + 𝑏𝛼 = 𝑝𝜆𝛼 + 𝑐𝛼 and 𝑎0 + 𝑏0 + 𝜆1 = 𝑐0. 

So, we get the following equations: 

𝑎𝛼 + 𝑏𝛼 = 𝑝𝜆𝛼 + 𝑐𝛼 

𝑎𝛼−1 + 𝑏𝛼−1 = 𝑝𝜆𝛼−1 − 𝜆𝛼 + 𝑐𝛼−1 

𝑎𝛼−2 + 𝑏𝛼−2 = 𝑝𝜆𝛼−2 − 𝜆𝛼−1 + 𝑐𝛼−2 

⋮ 

𝑎1 + 𝑏1 = 𝑝𝜆1 − 𝜆2 + 𝑐1 

𝑎0 + 𝑏0 = 𝑐0 − 𝜆1 

If we sum them up: 

(𝑎0 + 𝑏0) + (𝑎1 + 𝑏1) + ⋯ (𝑎𝛼 + 𝑏𝛼) = (𝑝 − 1)(𝜆1 + 𝜆2 + ⋯ 𝜆𝛼) + (𝑐0 + 𝑐1 + ⋯ + 𝑐𝛼) 
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∑(𝑎𝑖 + 𝑏𝑖 − 𝑐𝑖)

𝛼

𝑖=0

= (𝑝 − 1) ∑ 𝜆𝑗

𝛼

𝑗=1

 

We obtained the intended equation, a relationship between the value of 𝑆((𝑎0𝑎1𝑎2 … 𝑎𝛼)𝑝) +

𝑆((𝑏0𝑏1𝑏2 … 𝑏𝛼)𝑝) − 𝑆((𝑐0𝑐1𝑐2 … 𝑐𝛼)𝑝) and the “carries”. 

Plugging in this in (5) we get 

𝑣𝑝 ((
𝑛 + 𝑚

𝑛
)) =

𝑆((𝑎0𝑎1𝑎2 … 𝑎𝛼)𝑝) + 𝑆((𝑏0𝑏1𝑏2 … 𝑏𝛼)𝑝) − 𝑆((𝑐0𝑐1𝑐2 … 𝑐𝛼)𝑝)

𝑝 − 1

=
(𝑝 − 1) ∑ 𝜆𝑗

𝛼
𝑗=1

(𝑝 − 1)
= ∑ 𝜆𝑗

𝛼

𝑗=1

  

This means, that the number of 𝑝 factors in (
𝑛 + 𝑚

𝑛
) is equal to the number of carries in the 

addition of 𝑛 and 𝑚 in base 𝑝. 

This is also known as the Kummer’s theorem. Ernst Kummer (1810-1893) first proved this 

on a paper in 1852 (McCleary 66–67; Miheţ). 

Now we have the ultimate theorem for finding 𝑣𝑝 ((𝑛+𝑚
𝑛

)). We can try my stimulus binomial 

coefficient (2020
1071

) to see if 13 divides it. 1071 = (645)13 and 2020 − 1071 = 949 =

(580)13. If we sum them up in base 13, (645)13 + (580)13 = (𝐴𝐵𝐶)13 where A = 10 𝐵 = 12 

and 𝐶 = 5, we get no carries. So, we can say 𝑣𝑝 ((2020
1071

)) = 0. 

With these calculations, we found out that the binomial coefficient is not congruent to 0 

modulus 𝑝, if it were, we would be done here and I would reach my aim. However, I saw that 

other operations are needed to answer my stimulus question, “What is (
2020
1071

) congruent to in 

modulo 13?”. Trying to find ways to find the remainder of this binomial coefficient, I came 

across Lucas’ theorem. 
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Lucas’ theorem (1878): If 𝑘 = 𝑘0𝑝𝑡 + 𝑘1𝑝𝑡−1 + ⋯ + 𝑘𝑡𝑝0 and 𝑙 = 𝑙0𝑝𝑡 + 𝑙1𝑝𝑡−1 + ⋯ + 𝑙𝑡𝑝0 

are the 𝑝-ary notation of integers 𝑘 and 𝑙 such that 0 ≤ 𝑘𝑖 , 𝑙𝑖 ≤ 𝑝 − 1 for   ⅈ ∈ {0,1,2, … 𝑡} 

(
𝑘
𝑙

) ≡ ∏ (
𝑘𝑖

𝑙𝑖
)

𝑡

𝑖=0

 (𝑚𝑜𝑑 𝑝) 

(Meštrović) 

Proof: We will get to the binomial coefficients from the binomial expansion, and later on 

compare the coefficients of the polynomial that we find. 

∑ (
𝑘
𝑙

)

𝑘

𝑙=0

× 𝑥𝑙 = (1 + 𝑥)𝑘 = (𝑥 + 1)𝑘0𝑝𝑡+𝑘1𝑝𝑡−1+⋯+𝑘𝑡𝑝0
= ∏(𝑥 + 1)𝑘𝑖𝑝𝑡−𝑖

𝑡

𝑖=0

= ∏(𝑥 + 1)𝑘𝑖𝑝𝑡−𝑖

𝑡

𝑖=0

= ∏((𝑥 + 1)𝑝𝑡−𝑖
)𝑘𝑖

𝑡

𝑖=0

 

Lemma: (𝑥 + 1)𝑝𝑖
≡ 𝑥𝑝𝑖

+ 1 (𝑚𝑜𝑑 𝑝) where 𝑝 is a prime and ⅈ is a non-

negative integer. 

 Proof by induction:  

I) For ∀𝑗 ∈ {1,2, … 𝑝 − 1}  𝑝| (𝑝
𝑗
). This is obvious because (𝑝

𝑗
) =

𝑝!

(𝑝−𝑗)!𝑗!
 and 𝑝 

divides the numerator and not the denominator. Hence, (𝑥 + 1)𝑝 = (𝑝
0
)𝑥0 +

(𝑝
1
)𝑥1 + ⋯ + (𝑝

𝑝
) 𝑥𝑝 ≡ (𝑝

0
)𝑥0 + (𝑝

𝑝
) 𝑥𝑝 = 𝑥𝑝 + 1 (𝑚𝑜𝑑 𝑝). 

II) Let’s assume the lemma holds for ⅈ = 𝑘 where 𝑘 is a non-negative integer. 

 (𝑥 + 1)𝑝𝑘
≡ 𝑥𝑝𝑘

+ 1 (𝑚𝑜𝑑 𝑝) satisfies. 

III) (𝑥 + 1)𝑝𝑘+1
≡ ((𝑥 + 1)𝑝𝑘

)𝑝 ≡ (𝑥𝑝𝑘
+ 1 )

𝑝

≡ ⋯ (𝑓𝑟𝑜𝑚 𝐼) … ≡ (𝑥𝑝𝑘
)

𝑝

+

1 ≡ 𝑥𝑝𝑘+1
+ 1. Induction is complete as the lemma also holds for ⅈ = 𝑘 + 1. 

Using this lemma, we continue our calculations using binomial expansion once again: 
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∏((𝑥 + 1)𝑝𝑡−𝑖
)𝑘𝑖

𝑡

𝑖=0

≡ ∏ (𝑥𝑝𝑡−𝑖
+ 1)

𝑘𝑖

𝑡

𝑖=0

= ∏ ∑ (
𝑘𝑖

𝑗
) 𝑥𝑝𝑡−𝑖𝑗

𝑘𝑖

𝑗=0

𝑡

𝑖=0

= ∏ (
𝑘𝑖

0
) 𝑥𝑝𝑡−𝑖×0 + (

𝑘𝑖

1
) 𝑥𝑝𝑡−𝑖×1 + ⋯ + (

𝑘𝑖

𝑘𝑖
) 𝑥𝑝𝑡−𝑖𝑘𝑖

𝑡

𝑖=0

 

Now we want to change the upper bound of the summation (which is now 𝑘𝑖) to 𝑝 − 1, we will 

see its benefits later on (*). We can easily do this. Since 𝑘𝑖 ≤ 𝑝 − 1, there will be new terms 

that will be added to the summation if we change the upper bound, and those terms are 

( 𝑘𝑖
𝑘𝑖+1

) 𝑥𝑝𝑡−𝑖(𝑘𝑖+1), ( 𝑘𝑖
𝑘𝑖+2

) 𝑥𝑝𝑡−𝑖(𝑘𝑖+2),…, ( 𝑘𝑖
𝑝−1

) 𝑥𝑝𝑡−𝑖(𝑝−1). But we can see that these are equal to 

0.  The reason for this is that for values 𝑘𝑖 < 𝑗 (≤ 𝑝 − 1), (𝑘𝑖
𝑗

) = 0 . Hence, the newly added 

terms (𝑘𝑖
𝑗

) 𝑥𝑝𝑡−𝑖𝑗 = 0 so they won’t affect the sum. Now let’s eliminate the product symbol: 

∏ (∑ (
𝑘𝑖

𝑗
) 𝑥𝑝𝑡−𝑖𝑗

𝑝−1

𝑗𝑖=0

)

𝑡

𝑖=0

= ∑ (
𝑘0

𝑗0
) 𝑥𝑝𝑡𝑗0

𝑝−1

𝑗0=0

× ∑ (
𝑘1

𝑗1
) 𝑥𝑝𝑡−1𝑗1

𝑝−1

𝑗1=0

× … × ∑ (
𝑘𝑡

𝑗𝑡
) 𝑥𝑝0𝑗𝑡

𝑝−1

𝑗𝑡=0

 

All the 𝑗 are named as different indexes in order not to lose some permutations and for a clearer 

notation. Let’s convert this product of sums to sums of products. Define a set 

𝑃 = {1,2, … 𝑝 − 1} and we can see that: 

= ∑ (
𝑘0

𝑗0
) 𝑥𝑝𝑡𝑗0 × (

𝑘1

𝑗1
) 𝑥𝑝𝑡−1𝑗1 … × (

𝑘𝑡

𝑗𝑡
) 𝑥𝑝0𝑗𝑡

𝑗0,𝑗1,…,𝑗𝑡 ∈𝑃

 

Although this is clear, I would like to elaborate further why this is true.  
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Moving on with the rest of the proof, let us condense this to: 

= ∑ (∏ (
𝑘𝑖

𝑗𝑖
) 𝑥𝑝𝑡−𝑖𝑗𝑖

𝑡

𝑖=0

)

𝑗0,𝑗1,…,𝑗𝑡 ∈𝑃

= ∑ (∏ (
𝑘𝑖

𝑗𝑖
)

𝑡

𝑖=0

∏ 𝑥𝑝𝑡−𝑖𝑗𝑖

𝑡

𝑖=0

)

𝑗0,𝑗1,…,𝑗𝑡 ∈𝑃

 

Since ∏ 𝑥𝑝𝑡−𝑖𝑗𝑖𝑥
𝑖=0 = 𝑥𝑥𝑡𝑗0+𝑥𝑡−1𝑗1+⋯+𝑥0𝑗𝑡 , the power of 𝑥 refers to an integer (let us denote that 

with 𝐴) for each set (𝑗0, 𝑗1, … , 𝑗𝑡), which can be written in base 𝑝 as (𝑗0𝑗1𝑗2 … 𝑗𝑡)𝑝.  So now we 

have: 

∑ (∏ (
𝑘𝑖

𝑗𝑖
)

𝑡

𝑖=0

𝑥𝐴)

𝑗0,𝑗1,…,𝑗𝑡 ∈𝑃

 

If the previous product of sums is expanded and observed, the proof is obvious. However, this 

expansion would take a lot of space on the paper and it might be complicated to work with so many 

variables. So, in order to see this conversion in a better way, I will change the variable and show 

that this equation is true in a simpler way. 

Let’s define a function 𝐾(𝑎, 𝑏) = (𝑘𝑎
𝑏

)𝑥𝑝𝑡−𝑎𝑏 . So: 

∑ (
𝑘0

𝑗0
) 𝑥𝑝𝑡𝑗0

𝑝−1

𝑗0=0

× ∑ (
𝑘1

𝑗1
) 𝑥𝑝𝑡−1𝑗1

𝑝−1

𝑗1=0

× … × ∑ (
𝑘𝑡

𝑗𝑡
) 𝑥𝑝0𝑗𝑡

𝑝−1

𝑗𝑡=0

 

= (𝐾(0,0) + 𝐾(0,1) + ⋯ + 𝐾(0, 𝑝 − 1)) × (𝐾(1,0) + 𝐾(1,1) + ⋯ + 𝐾(1, 𝑝 − 1)) × …

× (𝐾(1,0) + 𝐾(1,1) + ⋯ + 𝐾(1, 𝑝 − 1)) 

Doing this product, we obtain: 

= ∑ 𝐾(0, 𝑗1)𝐾(1, 𝑗2) … 𝐾(𝑡, 𝑗𝑡)

𝑗0,𝑗1,…,𝑗𝑡 ∈𝑃

 

= ∑ (
𝑘0

𝑗0
) 𝑥𝑝𝑡𝑗0 × (

𝑘1

𝑗1
) 𝑥𝑝𝑡−1𝑗1 … × (

𝑘𝑡

𝑗𝑡
) 𝑥𝑝0𝑗𝑡

𝑗0,𝑗1,…,𝑗𝑡 ∈𝑃
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where 𝐴 = (𝑗0𝑗1𝑗2 … 𝑗𝑡)𝑝 

*Let us not forget that this is equal to our initial summation which is ∑ (
𝑘
𝑙

)𝑘
𝑙=0 × 𝑥𝑙. So, our 

motivation here while approaching the last summation that we found, is to bound the summation 

(and hence the value of A) between 0 and 𝑘 (Recall that our initial aim was to compare the 

coefficients of the polynomial that we find).  

It is clear that 𝐴 ≥ 0. Let us investigate what happens if 𝐴 > 𝑘. Since both 𝐴 and 𝑘 have 𝑡 + 1 

digits in base 𝑝, and 𝑗𝑖 refer to the digits of A and 𝑘𝑖 refer to the digits of k (ⅈ ∈ {0,1,2, … 𝑡}) , 

we can say  𝑗𝑖 > 𝑘𝑖 at least for one value of ⅈ. This makes (𝑘𝑖
𝑗𝑖

) = 0 and the product inside 0 as 

well. So, these sets of (𝑗0, 𝑗1, … , 𝑗𝑡) (and hence these values of 𝐴) can be ignored.  

As a result, we can only consider the values 0 ≤ 𝐴 ≤ 𝑘 and naturally the sets of (𝑗0, 𝑗1, … , 𝑗𝑡) 

correspond to these 𝐴 values. And this new summation is congruent to our initial summation: 

∑ (
𝑘
𝑙

)

𝑘

𝑙=0

× 𝑥𝑙 ≡ ∑ (∏ (
𝑘𝑖

𝑗𝑖
)

𝑡

𝑖=0

𝑥𝐴)

𝑘

𝐴=0

 

Since both sides are polynomials, we can use the congruence of the coefficients, taking 𝑙 = 𝐴: 

(
𝑘
𝑙

) ≡ ∏ (
𝑘𝑖

𝑗𝑖
)

𝑡

𝑖=0

= ∏ (
𝑘𝑖

𝑙𝑖
)

𝑡

𝑖=0

 (𝑚𝑜𝑑 𝑝) 

(“Lucas Theorem - Proof and Applications”) 

Now that we have proven the theorem we needed, we can investigate the binomial coefficient 

(2020
1071

). We have already calculated that 1071 = (645)13. It is also clear that 2020 = (𝑋𝑌𝑍)13 

where X= 11, 𝑌 = 12, 𝑍 = 5. From Lucas’ theorem: 
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(
2020

1071
) ≡ (

11

6
) (

12

4
) (

5

5
) ≡

11 × 10 × 9 … × 6

6 × 5 × … × 1
×

12 × 11 × 10 × 9

4 × 3 × 2 × 1
× 1 ≡ 462 × 495

≡ 7 × 1 ≡ 7 (𝑚𝑜𝑑 13) 

The goal is reached. 

Applications 

These theorems that were included in this paper, Legendre’s, Lucas’ and Kummer’s theorems, 

are used by many other mathematicians in their pure mathematics theoretical studies. These 

theorems are found to be the basis of many corollaries and other theorems. The analysis of 

binomial coefficients in modular arithmetic also lead mathematicians to observe Pascal 

Triangle  from different perspectives (Meštrović 36). 

As a real-life connection, we can say that number theory in general is commonly used in 

cryptology. Modular arithmetic, number bases and prime numbers are branches of number 

theory, that are commonly used in privacy of communication and data in the modern world 

(Crypto-IT). 

Conclusion 

In this paper, I tried to find ways to analyze a binomial coefficient and its connection with a 

prime number; starting off with my stimulus question. I followed a sequence of logical steps in 

order to reach my aim. At first, I decided to see how I could understand if a prime divides a 

binomial coefficient and furthermore found the greatest power of a prime that divides a 

binomial coefficient through Lucas’ and Legendre’s theorems. As these did not completely 

answer my stimulus question, I proceeded to prove Lucas’ theorem that gave me the answer. 

As seen, I tried different methods to reach my aim and found other solutions to the methods 

which failed to fulfill my aim. This exploration gave me the chance to dig deeper into a topic 

that I was intrigued by and also expand my knowledge outside of the HL curriculum. 
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Not only I solved the question but also, I generalized my steps for every binomial coefficient 

and every prime number. This required rigorous and precise mathematical operations which 

required me to be careful of any errors that could have been made through the process. I believe 

this prepared me to write more complicated and academic proofs as a further mathematician in 

the future. 
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