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1. Introduction
As a student who has been preparing for mathematical olympiads since middle school, I
have known about a popular olympiad problem for a long time: the 6t problem of
International Mathematical Olympiads (IMO) in 1988. A mathematical paper that I read
recently, pushed me to investigate this problem and its extensions for my Extended

Essay.

The original statement that was given the students which needed to be proven in the

IMO is:

a’+ b?

ab +1

“Ifa,band q = are integers, then q is a perfect square.”

This famous problem that was submitted by the Federal Republic of Germany to the
problem committee, was marked as “a very difficult problem” when given to the jury, as
A. Engel states in his book Problem Solving Strategies (Engel 127). Since then, this
problem interested many mathematicians and was subjected to many mathematical

papers.

Apart from many different solutions using many different ideas of this problem, there

are also different extensions to this problem that have been investigated, such as

a?+b%+1 a?+b? a’+b%+c? . . .
PP — . (Vandervelde). While reading about this problem, [ came across

) )

another extension was suggested at the end of the paper Another Step Further...On a
Problem of the 1988 IMO (Lauko et al.). In that paper, the authors push the readers to
investigate the properties of the equality where q, a, b, ¢ € Z:

B a’+ b? +c?
T ab+bc+ca+1

q



This problem intrigued me very much and I decided to seek the (a, b, ¢) solution triplets
that made g an integer. So, in this essay I mainly seek solutions to 3 different problems:
the first one is the original IMO problem, the second one is the extension problem right
above and the third problem is the ultimate generalized problem that also covers the
previous two problems:

n 2
i=1%i

Disi<jen XiXj +1

I, (xq, X5, ey Xp) =

[ solve these problems in a logical order, denoting my observations and various
corollaries. In all of the problems; a formed chain will be observed in the process of
finding solutions, and the properties of this chain will be investigated afterwards using

similar techniques for the problems.



2. Solutions to the IMO 1988 Problem 6
Approaching this problem, my initial aim will mainly be finding all solutions to the
problem (not only proving the statement in the IMO) since my extension problems
include finding solutions. Later on, I will simultaneously observe that finding all
solutions to the IMO’1988 equation proves what the problem actually wants: the fact

that q is a perfect square if it is an integer.

For simplicity, let’s define a function f: [Z{]? - Z (Z¢ denotes non-negative integers
throughout this essay):

x? + y?

f(x:Y): Xy+1 =q

[ aim to find the integer pairs which satisfy q € Z§.

Initial Observations

e f(x,v) = f(y,x) so, it is possible to only observe the functions where x < y, and
ignore the other cases for clearer calculations.

e f(0,m) =m? wherem € Z¢.

o Iff(x,y)=0=>x2+y?=0=2>x=y=0

e Iff(x,y)=1=>x*+y?’=xy+1=22xy>1=2xy=>x=0,y=1or
x=1y=1
This means it is enough to observe f(x,y) = 2 to find integer solutions. From

now on, f(x,y) = 2 will be assumed.

Let’s try to find more pairs where f(x,y) € Z.



As a first step, [ will call (x, y) pairs that satisfy f (x, y) = n for a constantn > 2 integer

“the solution pairs for n”. Since it is already known that f(0,m) = m?, I start by

observing the solution pairs for m2.

f(x,m) = m? can be written as a second-degree polynomial where x is the variable: It
can have 2 roots at most (x; and x,). Since x; = 0, finding x, should lead me to another

solution pair.

2 x* +m? 2 3 2 2 2 3 3
m =f(x,m)=m=’m +xm’=x*+m*=>x—-—m’x=0=>x(x—m>)=0

The roots are x; = 0 and x, = m3.

f(0,m) = f(m,m®) = m?

Let’s solve a similar equation for f(x, m3) = m? where x is the variable in order to find

another solution.

2 6
X“+m
2 3 2 5 6 2
m° = f(x,m’) = S>x—xm>+m®—m-=0
f( ) 1+ xm3

= x(x—m°+m)—m(x—m®+m) =(x—m)(x—m®+m)

5

The roots are x; = mand x, = m> —m.

f(0,m) = f(m,m?) = f(m*, m> —m)
Using the same procedure, it is obtained:
f(O,m) = f(m,m3) = f(m3,m®> —m) = f(m®> —m,m” — 2m3) = m?

Looking at the elements of the pairs, a forming chain can be seen: the first entry of a
solution pair is the second entry of the preceding pair. This chain of numbers can be
denoted as: 0, m, m3, m°> — m, m” — 2m3. Now, it should be observed if these numbers

follow any rules.



It is possible to guess the following pattern:

m’ —2m3 =m?- (m® —m) —m3
In other words, ifag = 0,a; = mand a; = m? - a;_; — a;_, fori € {2,3,4}

f(ag, ay) = f(ay, a;) = f(ay, az) = f(az, a,) = m?

This is a hint about a rule for generating other solution pairs for a constant integer from

a solution pair, can be found.

Rule 1.1: Let us define an infinite sequence of integers: a,, a4, a, ... where a,, a; are
constant non-negative integers and q = f(ay, a;) is an integer. The rest of the terms

could be found by the recursive formula:
Ay =q " Ay_q — Ay fork =3

= f(a;a;41) =qfori €{0,1,2,..}.
Proof: The steps of induction can be seen:

i) f(ay,a;) = q holds.
ii) Assume f(a;_1,a;) = qholds fori € {0,1,2, ... };

2 2 2 2 2 2
iii) q= 9; _ @ixatioy _ _Ga=aiy  _ (aftal,)—(ais+af) _
a; a ai(ai41=ai—1)  (A+aia;41)-(1+a;1a;)

2 2
) N — a; +al-_1
f(al—lJ al) 1+a;a;_,

2 2 2 2
Qi ta; _ aitdiy,

= f(ai-1,a) = f(a;,a;41) = q A

1+a;—qa; 1+a;ai4q



The motivation for this proof can clearly be seen if the proof is done backwards.

However, this ordering seems more elegant.
Corollaries:

1.1 A chain of integers is obtained “ay, a;, a, ...” where f(a;, a;+1) = q for
i €{0,1,2,...}. The “initial term” of this chain is evidently a, and the chain
has infinitely many terms.

1.2 If integers a, and a4, that satisfy f(a,, a;) = q, are taken, a chain can be
constructed using those constants: a,, a4, a,, .... This means every solution
pair for an integer q is within a chain.

1.3 The roots of f(a;, x) = q for variable x are a;_; and a;,, for any integer
i = 1. Since the mentioned equation is of second degree, there exists at most
two roots so a;_; and a;,, are the only ones.

1.4 There are infinitely many solution pairs. When a, = 0 there is a chain for

every a; € Z that is chosen.

In summary, all the solution pairs for an integer q is in a chain, and some of them has 0
as the first term of the chain (e.g., 0, 2,8, 30 ...) Now it will be proven that all the chains
have 0 as the first term. So far, greater terms in the chain were being searched,

approaching infinity. Now smaller terms in the chain will be searched in order to figure

if 0 can always be reached.

The motivation for the following proof comes from Corollary 1.3, it is known that
X1 = a;_; < a; and x, = a;,; > a;. In other words, solving the equation f(a;, x) = g
with respect to x we find one root smaller than a; for sure. This may mean that smaller

terms that can be added to the chain can be found similarly:



To prove that, let’s take any solution pair (a, b) and f(a,b) = q € Z* (a,b € Z"). Solve

the equation f(a, x) = q with respect to x:

a® + x?
ax +1

=q=>a*+x*=agx+q=0=>x*—-aqx+a*—-q=0

aq ++a2q? — 4(a? — q)
2

>A=a?q - 4(@*—q)>x, =

(Itis evident that a?q? — 4(a? — q) = 0 because q > 2)

21 > g.1tis found that one root that is greater than or equal to a.

It is also clear x; > >

Now, let us observe if x, is non-negative and x, < a.

_aq—+a?q® —4(a® - q)
B 2

X2

(g = 2) = 8a? < 4a?*q = 8a® < 4a’q + 4q

= 8a? + (a%q? — 4a*q — 4a®) < 4a’q + 4q + (a*q* — 4a’q — 4a?)

= a?q? — 4a%q + 4a® = a’(q — 2)? < a?q® — 4(a® — q)

= a(q —2) <+a?q? —4(a®—q)

= aq —+/a2q? — 4(a? — q) < 2a

aq — \/azqz —4(a? —q)
> <a

isz

2 2
It is also seen that Z;ﬁ =q€Z*soax, +1 =0 = x, = 0. This means that another
2

solution pair (x,, a) is found. Since a > x, > 0, a smaller term can be added to this

aforementioned chain. The chain can now be: x,, a, b .... It is clear that the same



procedure can be implemented to every 2 consecutive terms in the chain to find a

smaller term to eventually reach O.
=~ Every chain must begin with a zero.

This also means the elements of solution sets (x,y) for a constant g € Z* exist in one

distinct chain. The first element of the chain must be 0.

As planned before, the original IMO’88 Problem 6 is solved in the meantime: Assuming
the second element of the chain is k € Z¢ (the first element is always 0), every pair in
the chain will give k? as the output (f(0, k) = k?) because every consecutive integer
pair in a chain gives the same value when plugged into the function f. This means every
solution pair for an integer q gives a perfect square(Lauké et al.). For example, if the

chainis 0,3, 27,240 ... this means that 32 = £(0,3) = f(3,27) = f(27,240) = -

3. Solutions to the Extended Problem for 3 Variables

X%+ y?+22

As it can be recalled, the newly generated expression is g = In this section, I

Xy+yzHzxHL
will be looking into the properties of the (x, y, z) triplets which make q an integer. This
expression is merely the original problem with three variables, the similarity between
them can be seen if z = 0 is plugged in:

X2+ y2+02  x*4y?
X'y+y-0+0-x+1 xy+1

Therefore, the IMO’1988 problem is the special case of this extended problem and I can

use similar steps to investigate this expression too.
Similarly, let’s define a function g so that g: [Z$]® - Z and

x? + y? + z2
xy+yz+zx+1

g(x,y,z) =

10



Initial observations:
o g(x,y,2) =9g(,zx) = g(x,2y) = - Since the expression is symmetric, [ can
only look into the solution triplets which satisfy x < y < z and ignore the others

without loss of generalization.

X2+ y?4z?

e Forg=0 =0=>x>+y?+z2=0=>x=y=z=0

T Xy+yz+zx+1
e The only case that satisfies x = y = z is described above. If there were any other

solution triplet, letitbe x = y = z = kwhere k # 0so g(x,y,z) =

2

—. Since1 < 3k? < 3k? + 1, g(x,y, z) can never be an integer. >«

_q. XyiHz? 2 2 2 _
. Forq—1.Xy+yz+ZX+1—1:>X +y +z-=xy+yz+zx+1

= 2x% + 2y? + 2z% — 2xy — 2yz — 2zx = 2
S@=-y)P+@x-—2>+@z-y)?=2
Sincez >y = x,
Vilfxry#zas (x—y)P+x-2>+(z-y)? =3 -
vV Ifx=y=z=y+1

vV Ify=z=2x=y-1
~ Every (k,k,k + 1) and (k, k + 1,k + 1) triplets satisfy the condition (k € Z{).

e The case of x = 0 was explained before, the problem becomes the IM0’88

problem. So, for every (a, b) that satisfy f(a, b) € Z$, g(0, a, b) is an integer too.

11



Figure 1:

The following triplets show the solutions to the ded problem, where x is
between 0 and 100, y is between x and 100, z is between y and 100

Trying to find how to approach the problem, I figured

(1,1,2)(1,2,2)(2,2,3)(2,2,37)(2,3,3)(2,3,36)(2,4,43)(2,7,82)(2,8,40)
. . . .. . (3,3,4)(3,4,4)(4,4,5)(4,5,5)(5,5,6)(5,5,92)(5,6,6)(6,6,7)(6,7,7)(7,7,8)
that finding examples that satisfy the condition is harder  (788)889)©866)(89.9)(81698)99,10)(910,10)(10,10,11)
(10,11,11)(11,11,12)(11,12,12)(12,12,13)(12,13,13)(13,13,14)
(13,14,14)(14,14,15)(14,15,15)(15,15,16)(15,16,16)(16,16,17)
. . . . . (16,17,17)(17,17,18)(17,18,18)(18,18,19)(18,19,19)(19,19,20)
than the original IMO problem. This led me into seeking (19,20,20)(20,20,21)(20,21,21)(21.21,22)(21,22,22)(22,22.23)
(22,23,23)(23,23,24)(23,24,24)(24,24,25)(24,25,25)(25,25,26)
(25,26,26)(26,26,27)(26,27,27)(27,27,28)(27,28,28)(28,28,29)
) . (28,29,29)(29,29,30)(29,30,30)(30,30,31)(30,31,31)(31,31,32)
help from technology. From the MIT’s coding app, MIT @31 ,32,32)(32,32,33)(32,33,33)(33,33,343(33 34,34)(34,34,35)
(34,35,35)(35,35,36)(35,36,36)(36,36,37)(36,37,37)(37,37,38)
(37,38,38)(38,38,39)(38,39,39)(39,39,40)(39,40,40)(40,40,41)
3 3 (40,41,41)(41,41,42)(41,42,42)(42,42,43)(42,43,43)(43,43,44)
App Inventor, I wrote some codes (see Appendix A) in (43,44,44)(44,44,45)(44,45,45)(45,45,46;(45 46,46)(46,46,47)
(46,47,47)(47,47,48)(47,48,48)(48,48,49)(48,49,49)(49,49,50)
(49,50,50)(50,50,51)(50,51,51)(51,51,52)(51,52,52)(52,52,53)
1 1 1 (52,53,53)(53,53,54)(53,54,54)(54,54,55)(54,55,55)(55,55,56)
order to see the solution triplets that make the function e
(58,59,59)(59,59,60)(59,60,60)(60,60,61)(60,61,61)(61,61,62)
. . . (61,62,62)(62,62,63)(62,63,63)(63,63,64)(63,64,64)(64,64,65)
an integer. In the code, [ defined (x, y, z) integers where (64,65,65)(65,65,66)(65,66,66)(6,66,67)(66,67,67)(67.67.68)
(67,68,68)(68,68,69)(68,69,69)(69,69,70)(69,70,70)(70,70,71)
(70,71,71)(71,71,72)(71,72,72)(72,72,73)(72,73,73)(73,73,74)
. (73,74,74)(74,74,75)(74,75,75)(75,75,76)(75,76,76)(76,76,77)
0<x< y < z < 100. Choosin g 100 as the bound seemed (76,77,77)(77,77,78)(77,78,78)(78,78,79)(78,79,79)(79,79,80)
(79,80,80)(80,80,81)(80,81,81)(81,81,82)(81,82,82)(82,82,83)
(82,83,83)(83,83,84)(83,84,84)(84,84,85)(84,85,85)(85,85,86)
. e _ . (85,86,86)(86,86,87)(86,87,87)(87,87,88)(87,88,88)(88,88,89)
enough to observe primitive patterns. The x = 0 case is (88:89,89)(89,89,90)(89.90.90)(90.90.91)(90.97.91)(91 91.92)
(91,92,92)(92,92,93)(92,93,93)(93,93,94)(93,94,94)(94,94,95)
(94,95,95)(95,95,96)(95,96,96)(96,96,97)(96,97,97)(97,97,98)
(

already observed so I didn’t include it in the code. (97,96,985)(98,28,39X36,39,39)(9999,100)(69;100,100)

The most remarkable pattern in the screen (Figure 1) is

the existence of such solutions:

(1,1,2),(1,2,2),(2,2,3),(2,3,3), ..., (99,100,100).

(k,k,k + 1) and (k,k + 1,k + 1) solution triplets (k € Z*) are already shown to satisfy

the condition, as a part of “initial observations”.

12



However, I can see a couple more triplets that are not

in this pattern: (2,3,36), (2,4,43), (5,5,92),(8,16,98) ...

Changing the computer code I wrote in the MIT App
Inventor a little bit to be able to observe more
solutions; I could see some more patterns. Let’s
observe solutions for 0 < x < 100,x <y <z < 300

(Figure 2).

The existence of the triplets like (2,3,36) and
(3,36,271); (2,8,40), (8,40,190) indicates that there
can be a chain here too. In order to have a clearer
view, other triplets of this potential chain will be
found:

40% + 1902 + x?

=4
40x +190x +40-190+ 1

Figure 2
The following triplets show the solutions to the led where x is

between 0 and 100, y is between x and 300, z is between ; and 300:

(1,1,2)(1,2,2)(2.2,3)(2,.2,37)(2,3,3)(2,3,36)(2,4,43)(2,7,82)(2,8,40)
(2,36,263)(2,40,160)(3,3,4)(3.4,4)(3,12,106)(3,27,270)(3,36,271)
(4,4,5)(4,4,290)(4,5,5)(4,5,137)(4,19,162)(5,5,6)(5,5,92)(5,6,6)
(5.22,245)(6,6,7)(6,7,7)(7,7,8)(7,8,8)(8,8,9)(8,8,66)(8,9,9)(8,9,122)
(8,16,98)(8,26,241)(8,30,152)(8,40,190)(8,66,288)(9,9,10)(9,10,10)
(10,10,11)(10,11,11)(11,11,12)(11,12,12)(12,12,13)(12,13,13)
(13,13,14)(13,14,14)(14,14,15)(14,15,15)(15,15,16)(15,16,16)
(16,16,17)(16,17,17)(16,48,258)(17,17,18)(17,18,18)(18,18,19)
(18,19,19)(19,19,20)(19,20,20)(20,20,21)(20,21,21)(21,21,22)
(21,22,22)(22,22,23)(22,23,23)(23,23,24)(23,24,24)(24,24,25)
(24,25,25)(25,25,26)(25,26,26)(26,26,27)(26,27,27)(27,27,28)
(27,28,28)(28,28,29)(28,29,29)(29,29,30)(29,30,30)(30,30,31)
(30,31,31)(30,40,288)(31,31,32)(31,32,32)(32,32,33)(32,33,33)
(32,34,272)(33,33,34)(33,34,34)(34,34,35)(34,35,35)(35,35,36)
(35,36,36)(36,36,37)(36,37,37)(37,37,38)(37,38,38)(38,38,39)
(38,39,39)(39,39,40)(39,40,40)(40,40,41)(40,41,41)(41,41,42)
(41,42,42)(42,42,43)(42,43,43)(43,43,44)(43,44,44)(44,44,45)
(44,45 45)(45,45,46)(45,46,46)(46,46,47)(46,47,47)(47,47,48)
(47,48,48)(48,48,49)(48,49,49)(49,49,50)(49,50,50)(50,50,51)
(50,51,51)(51,51,52)(51,52,52)(52,52,53)(52,53,53)(53,53,54)
(53,54,54)(54,54,55)(54,55,55)(55,55,56)(55,56,56)(56,56,57)
(56,57,57)(57,57,58)(57,58,58)(58,58,59)(58,59,59)(59,59,60)
(59,60,60)(60,60,61)(60,61,61)(61,61,62)(61,62,62)(62,62,63)
(62,63,63)(63,63,64)(63,64,64)(64,64,65)(64,65,65)(65,65,66)
(65,66,66)(66,66,67)(66,67,67)(67,67,68)(67,68,68)(68,68,69)
(68,69,69)(69,69,70)(69,70,70)(70,70,71)(70,71,71)(71,71,72)
(71,72,72)(72,72,73)(72,73,73)(73,73,74)(73,74,74)(74,74,75)
(74,75,75)(75,75,76)(75,76,76)(76,76,77)(76,77,77)(77,77,78)
(77,78,78)(78,78,79)(78,79,79)(79,79,80)(79,80,80)(80,80,81)
(80,81,81)(81,81,82)(81,82,82)(82,82,83)(82,83,83)(83,83,84)
(83,84,84)(84,84,85)(84,85,85)(85,85,36)(85,86,86)(86,86,87)
(86,87,87)(87,87,88)(87,88,88)(88,88,39)(88,89,89)(89,89,90)
(89,90,90)(90,90,91)(90,91,91)(91,91,92)(91,92,92)(92,92,93)
(92,93,93)(93,93,94)(93,94,94)(94,94,95)(94,95,95)(95,95,96)
(95,96,96)(96,96,97)(96,97,97)(97,97,98)(97,98,98)(98,98,99)
(98,99,99)(99,99,100)(99,100,100)(100,100,101)(100,101,101)

[ @) <

40% 4+ 1902 + x2 = 4 - (40x + 190x + 40-190 + 1)

x%—920x + 7296 =0

920 F 904
=

This means now the “chain” is:

2,8,40,190,912.

=>x1=8x2=912

If the similar step is done for g(x, 2,8) = 4 another solution triplet can be found: (0,2,8)

The “chain” is now:

0,2,8,40,190,912.

13



[ could guess the pattern here now, also considering the pattern for the original IMO

problem:

40=4(2+8)—-0

190 = 4(40 + 8) — 2

912 = 4(190 + 40) — 8

Now the following calculations will prove the existence of a chain and also prove the

pattern above.

Rule 2.1: Let’s define an infinite sequence of integers a,, a4, a,, ... where ay, a4, a, are

constant non-negative integers that satisfy:

9(ag,a1,a;) = qand a, = q(ag—1 + ax—z) — ap_3 fork =3

= g(a;, aj4q,ai4,) = qforeveryi € {0,1,2...}.

PROOF:

The steps of induction:

i) g(agy, aq,a,) = q holds.
ii) Assume g(a;, a;41,a;42) = q holds fori € {0,1,2 ... }.

i)  Let's prove g (a1, Qiszr Qi) = q

2 2
qlagz tagy)  aitags Qiyz — 4
Aiyz + Ajgq Aiyz T Air1 Aj420i43 T Ajp1A443 — QA4 — A;Aj41q

2 2 2 2 2 2
(ai,s +ai,, +ai) —(aj,, +ai, +a;i)

(Ai42Qi43 + Aip1Qiy3 + Aj1ai42 + 1) — (@042 + @;0541 + Q1042 + 1)

2 2 2
Aiyy taiy +a;

AiQiyz2 + Q11 + Q10342 + 1

2 2 2 2 2 2
Aiyz +ai, +aiy Aiyy taijy, +a;

= =
Ai42Qi43 T Aig1Qi13 + Ai11Qipz + 1 Q042 + 40541 + Q3110442 + 1

14



= g(a;, ai+1,0i42) = 9(Ai41, Aiy2, Aig3)
Corollaries:

2.1 There appears to be a chain “ay, a4, a, ...” where g(a;, a;;1,a;42) = q for
i €{0,1,2,...}. The “initial term” of this chain is evidently a, and the chain has
infinitely many terms.

2.2 Taking any solution triplet for an integer q is within a chain.

2.3 The roots of g(a;;+1, @j12,x) = g(aAi+1,Ai42, A;4+3) With respect to x are a; and a; 5 for
i = 0. These are the only roots since the simplified expression is a second-degree
polynomial.

2.4 There can be infinitely many solution triplets for a constant q in a chain. There are
also infinitely many distinct chains: for every integer k, taking (a,, a,, a,) = (0,0, k)

will produce a new chain.

Just like the solution to the IMO problem 6, chains are found and greater integers can be
added to the chain infinitely many times. However; I, then, realized that not all the
chains in this extended problem can have 0 as their first term, when smaller terms are

sought.

An example can be the chain which (2,43,311) belongs to. When the equation
g(m,2,43) = g(2,43,311) is solved using discriminants, it is found that m; = 4,m, =
311. Since neither of these are smaller than or equal to 2, (2,43,311) triplet must be at

the beginning of the chain, it doesn’t start with 0.

The following calculations state the condition for an (a, b, c) triplet to be the beginning

of the chain:

Assume that (a, b, ¢) holds g(a, b,c) = q wherea,b,c € Z* anda < b < ¢
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Let the solutions to g(x,a, b) = q be x; and x,.So x; = ¢ > a.

i. If x, < a, (a, b, c) can’t be the beginning of the chain and (x,, a, b) would be
the beginning of the chain. So, if (a, b, ¢) is the beginning of the chain, it is

crucial that x, > a.
x1=c=qla+b)—x,

a’+ b? 4+ c?

ab+bc+ca+1.(a+b)_c

x,=qla+b)—c=

_a3+ab2+ac2+a2b+b3+bc2—c—abc—bc2—c2a
- ab+bc+ca+1

_a3+ab2+a2b+b3—c—abc
- ab+bc+ca+1

>a

= a3+ ab?+a’b+ b3 —c—abc>a+ a’*b + abc + a’c
sa’+ab?>+b3—a>cQRab+a®?+1)

a’+ab*+b3—-a

2ab+a?+1 > ¢

However, I later recognized that this condition does not cover all the cases. It is
claimed here that (x,, a, b) can’t be the beginning of the chain only if x, > a, ignoring
the fact that x, = q(a + b) — ¢ might be a negative number and negative numbers
are not defined in the domain of the function. It is also possible that even if

x, = qla+b) —c < a;if qla+ b) — c < 0 satisfies, (a, b, ¢) has to be the beginning

of this chain anyways and the proof above does not include this.

An example for the described situation can be g(2,7,82) = 9. If this is plugged in the

“condition” that is found:
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224272473 -2

2272241 S

This means that (2,7,82) is not the beginning of the chain according to our condition.

However, I figured that it is not true as shown below.

When another solution triplet is tried to be found such that (m,2,7) and 0 <m < 2,
it can be seen that is not possible because the roots are m; = 82 and m, = —1. Since
the definition of the function requires the elements of the triplets to be non-negative
integers, this solution triplet (—1,2,7) is not acceptable. (2,7,82) is bound to be the

beginning of the chain it belongs to.

ii. This means that additional condition should be found. If
x, = qla+b) —c <0, (a,b,c) is still the beginning of the chain:

a’+ b?+c? a® + ab?® + a®b + b® — c — abc

ab+bc+ca+1'(a+b)_c= ab+bc+ca+1 <0

qla+b)—c=

= a’+ab?+a’b+b3—c—abc<0=a+ab?+a’b+ b3 < c(1+ab)

a® + ab? + a®b + b3
1+ ab

<c

Now the overall condition for (a, b, ¢) to be the beginning of the chain becomes:

<a3+ab2+b3—a a3+ab2+azb+b3<
c or c
2ab+a?+1 1+ ab

As the (2,7,82) triplet satisfies the second condition, it can be said that it is the beginning

of the chain.

Solutions being a perfect square
The original IMO problem claimed that if there is an (a, b) non-negative integer pair that

made f(a, b) an integer, it also had to be a perfect square. This proof is done with the
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fact that every chain starts with 0. In this extended problem it is found that not all the

chains can start with 0, this may also mean that not all triplets that make the function g

an integer makes it a perfect square.

It is evident that the adjacent triplets from the chains starting with 0, should give a

perfect square when plugged in the function. This is obvious because when the first

adjacent integer triplet from the chain is plugged into the function g, this problem is the

same as the original IMO problem. Since this function gives out an integer, it must be

also a perfect square.

However, this is not the case for every triplet that makes the function an integer. In
order to find the cases where the output of the function is an integer but not a perfect
square, coding is used once again (see Appendix B for the codes). As a result of the
computer calculations, I found multiple examples of triplets that yielded an integer but
not a perfect square when plugged into the function. In order to observe a potential

pattern, the yields were also calculated using a calculator:

g9(2,3,36) = g(2,4,43) = g(2,36,263) = g(2,43,311) = g(3,12,106) = g(3,36,271)

= g(4,19,162) = g(4,43,327) = g(8,9,122) =7
g(3,7,312) =31
g(4,5,137) = 15
g(8,10,364) = 20

The prevalence of 7 as the outcome is noted; however, no other pattern is observed.
These numbers did not seem to be related and it was deduced that no rule for this

criterion can be found.

18



4. Solutions to the Extended Problem for n Variables
In this section, [ decided to extend the problem even further. Considering the two
previous functions, | aimed to generate a more general function that will also cover
those previously-studied functions. It is seen that the outcomes of the both of the
previous functions happen to be a fraction: The numerator stands for a sum of squares
and the denominator is the sum of product of 2-combinations. Using this information
let’s define a function:

no.2
i=1%i

lei<jsn xixj +1

I, (xq, X9, oy Xp) = q

With this notation it is clear that there is a connection between this function and the
previously investigated functions, f and g: f = I, and g = I5. Since these functions are

the special cases of I,, the aim is reached.

It can be realized that I chose the expression Y 1<;<j<n X;X; (the sum of products of 2-

combinations) in the denominator. However, it should be noted that another distinct

function could also be investigated, if [ chose to create the function with a cyclic sum.

Let’s look into these two possible definitions. Cyclic sum of a function refers to the sum
of the functions in which the variables are “cycled through”(“Cyclic Sum”). For example,
fora function , Y.y l(x,y,2,t) = l(x,y,2,t) + 1(y,z,t,x) + I(z,t,x,y) + I(t,x,y,2).In
our case, a cyclic sum would be ¥ ¢,c X1 X, =X1X; + X3x3 + X3X4 + - Xp_1Xp + XpX1. On
the other hand, the sum of product of 2-combinations is }.;<;<;<n X;X; which contains all

the possible 2-combinations of the terms from the set {x;, x, ... x, }.

This decision step in generating the function I,, was important. I want to show that there
were two possible valid pathways that I could take at this step. Both of the distinct

functions that I could generate would be a generalized version of the previously-
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investigated functions from different perspectives, because the cyclic sums and the sums

of products of 2-combination are equal:

Z Z £ ) xZ + x2 x2 + x2
X1Xy = XiXi = X%, = f(xq,%x,) = =
12 v 1 vz X%, + 1 lei<j52 xix; + 1

cyc 1<i<j<2

xZ + x3

B chc X1X2 +1

X%+ x% + x2
X1Xy + Xx3 +x1x3 + 1

lexz = z XiXj = X1X3 + X1X3 + Xx3 = g(x1, X2, X3) =
cyc 1=<i<j<3
x4+ x% + x2 xZ + x5+ x5

YeyeX1X2 1 Yicicjes XX + 1

In other words, there were two ways to generalize these functions; however, I decided

to move on with the 2-combination version.

Initial Observations
¢ In this symmetric expression, I may only look into the solution sets which satisfy
x; < x, < -+ < x, and ignore the others without loss of generalization, just like I

did for the functions g and f.

e Forq=0:2x?+ x(++x2=0>x=x,==x,=0

e The only case that provides x; = x, = --- = x,, for n > 3 is described above. If
there were any other solution set, letitbe x; = x, = - = x, = k where k # 0 so
L(kk, .. k)= (’5}%4& Since 1 < nk? < (’;)k2 +1,1,(k,k, ..., k) can never be an

integer. -«
e It can be seen how the functions I,, for different n values are similar to each other.

For example, plugging 0 into the function as a variable: I,,(x;, x5, ..., Xx,_1,0) =
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In_1(x1, X3, ..., Xp_1)- Plugging in multiple zeros in the function, other functions

can be obtained: I, (xy, X5, ..., X—3,0,0,0) = I,,_5(xq, X3, ..., X_3) €tc.

Just like the two previous chapters, I will first prove the existence of chains. At first, let

us recall the previous chains from the previous functions f and g:

e The chain that was found for the original problem was a,, a4, a, ... where
a, and a, are constant non-negative integers that satisfy
f(ag,a;) = q € Z¢ and a;, = qag_, — ay_, for k = 2.
e The chain for the function g was a, a4, a,, ... where a,, a;, a, are constant non-
negative integers that satisfy
g(ag,ay,a;) = q €ZE and ay, = q(ag_q + ag_,) — ax_3 fork =3

Considering these rules, [ guessed that the chain for function I,, might be:

ay, a4, Ay, ... (Where ay, a4, ..., a,_; are constant non-negative integers and

I,(ag,aq,a,,...a,_1) = q)and fork = n
ax = q(ag—1 + ag_p + "+ Ag_p41) — Ag—n
Proof: An induction is followed:

1) In(aO' ai, .., an—l) =q
ii) Assume I,,(a;, @j11, .-, Qj4n—1) = q holds.

iii) Let’s prove I,(@j11, Qjy2, o) Ajyn) = q

q(ag tag ot Qiynag) a; + Ajyn
Qi1+ Ajyz + 0+ Ajyng Qi1+ gz + o+ Ajyng
2 2
Aiyn — 4;

iy (@1 + o+ Aiyno1) — @i (Aj41 + 0+ Ajyn—1)

2 _ 2
Z 1€{1,2...,n} Qi+l z 1€{0,1,..n—1} Aitl

Yis<k<izn Uik Ait1 T 1 — Vock<isn—1 AiskAis; — 1
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2
Zle{o,l,...n—l} Aiti

(=q =

Yosk<izn—1Ai+kQit; + 1

Li(@is1, Qigs s Qi) = In(a;, Qig1, ooy Qiyn—q) = q M
Corollaries:

3.1 1 once again could form a chain “ay, a4, a, ...” where I,,(a;, a;41, ..., an) = q for
i €{0,1,2,...}. The chain has infinitely many terms.

3.2 Taking any solution set for an integer q is within a chain. (Using the same procedure
as Corollary 2.2)

3.3 The roots of I,,(a; 41, ..., Aj4n—1,X) = q With respect to x are a; and a;,,, fori > 0.
These are the only roots since this expression can be simplified to a second-degree
polynomial.

3.4 There can be infinitely many solution sets in a chain for a constant q. There are also
infinitely many distinct chains: for every integer k, taking (a;, @j;1, -+, Qjzn_1) =

(0,0, ...,0, k) will produce a new chain.

Now the beginning of such chains can be observed using a similar procedure used for
the function g. It is known that the roots of I, (y1, V2, <., Vn-1,X) = Li(yV1, Y2, -, Yn) = q
with respect to x are x; = y, and x, = q(y; + *** ¥n_1) — Y. [t was felt necessary to first

simplify this expression before moving on with the inequalities:

n 2 n—1
X, = i=1Yi Z yi—y
l n
Yisi<j=n Yiyj + 1 i=1

_ (Z?z_ll ylz) ' (Z?=_11 yi) + e 11'1=_11 Vi = Yn lei<jsn ViVji — Yn

Z1si<jsn yiyj +1

_ QS D) G ) + e X5 v — O X5 Vi + Y asicjn-1YiYj) ~ Y
lei<jsn yiyj +1
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(Since y, Yicicjn YiVj = Vi Lict Vi + Yn Di<icjen—1YiV))

_CE D Gy - Y (B1si<jsn-1YiVj) — Yn
Yi<icjenYiyj + 1

The similar deductions that were used for the previous extension problem are also valid
in this generalized function. If 0 < x, < vy, I,(X2, Y1, Y2, -, Yn—1) = q too so x, would be

the beginning of the chain. If y; is the beginning of the chain, x, > y; or x, < 0.
) X2 > V1

:( i= 1 yl) (Zl 1 yl) yn(21<1<]<n 1y1y]) yn
Zl<l<]<nylyj +1

n—1 n—1
=>< y?)'( yi>—yn Z ViVj | = ¥n > z yivi |+

i=1 i=1 1<i<jsn-1 1<i<jsn

-1
%) + Y1

l

>V

S

=y Z YiYj +J’13’n<

1<i<jsn-1

1]
oy

N (O, yl) (O, )’z) Y1(lei<jsn—1)’i3’j) — V1 S
(Z1si<j5n—1 )’i)’j) +y: ) +1

n

ii) x, <0
n—1 n—1
=><Zyi2>-< yi>—yn Z YiVj | =¥ <0
i=1 i=1 1gi<j=n—-1

(Zl 1y12) (Zl lyl) <
(21<l<]<1’l 1y1y])+1

Ultimately, the condition for y;, y,, ..., Yn_1, ¥n to be the terms at the beginning of the

chain is found:

23



(02} Y1 ylz) (Zl 1 Vi) _Y1(lei<j5n—1Yin)_3’1 > 3., or (024 ylz) (0 yl) <y,

(lei<j5n—1 )’i}’j) +y: v +1 (215i<j5n—1 yiyj) +1

The outcome being a perfect square

Since the previous part of this paper couldn’t find a rule for the equation with 3
variables (function g), I figured that no rule could be found for the general function

I, either. Even though the solutions for the equation are observed, the condition in the
original IMO problem which was “the outcome of the function being a perfect square”

couldn’t be adapted to a general function, and identified as a special property for

X%+ y?

fooy) =

Xy+1 )

5. Conclusion
In this essay, a famous problem that was originally included in the International
Mathematical Olympiad 1988 was investigated and extended. The first extension
problem turned the original equation to an equation with 3 variables and the second
extension examined an equation with n variables for a more general perspective. The
ultimate aim for all 3 problems was to investigate the solution sets that made the given
fractional expression an integer. For this aim, “chains” of solutions are found and the
beginnings/ ends of these chains were investigated with the help of different

inequalities.

It should be noted that many other extensions can be made out of these investigated
functions. I decided to work on non-negative integers in the domain; however, it is
possible that similar/ more rules or patterns can be found if the negative numbers are
considered too. Moreover, as stated while forming the generalized function, another
generalized function using “cyclic sum" instead of the sum of product of 2-combinations

in the denominator can be investigated.
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7. Appendices
Appendix A
initialize global ([FE1LL 0 to

initialize global : to
initialize global (L) to

when Initialize
do set : to | (] ing triplets show the solutionstothe...'
11 global bound_x -
11 global bound_y -
& global bound z - |
‘8-

| for each () from Wi
o B8 global bound x - |
by &
do | for eacthrbm | get EED
T global boundy
by D
do foreach[:]frbm_
- B global bound_z -
by .I
do | (o] if " round getx"2+gety”2. .
L | abell - W Text - RG ‘ <) join [ B
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Appendix B
initialize global (CEI0 ) to | [ELED
initialize global [CE0LE) to | [ELTD

when Initialize
- o to =] join il The following triplets show the solutions to the...
get
-
get
-
get

foreach [ from = [0
L 0+ global bound x - |
by @
do | for each [ from
] T global bound_y - |
by @
do | foreach [ from  get (KD
L L global bound z -

o 1 1
4 R (=~ [EMEED | square root get x A 2 + get... j EED | square root get x A 2 + get... 1‘
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